Root Separation Bounds

Aaron Herman  Hoon Hong

aherman@ncsu.edu hong@ncsu.edu

Department of Mathematics
North Carolina State University
USA

Herman, Hong



Problem: Root Separation Bound

Herman, Hong



Problem: Root Separation Bound

Problem

Herman, Hong



Problem: Root Separation Bound

Problem

In : f € Cl[x], square-free

Herman, Hong



Problem: Root Separation Bound

Problem

In : f € C[x], square-free

Out : B < R where
® R =minj4i|a; —aj| (the root separation)
e «; are the complex roots of f.

Herman, Hong



Problem: Root Separation Bound

In : f e Cl[x], square-free

Out : B < R where
e R =minjxj|a; —«aj| (the root separation)
e «; are the complex roots of f.

In : f = x*—60x3+1000x> —8000x qe

Re

Herman, Hong



Problem: Root Separation Bound

In : f e Cl[x], square-free

Out : B < R where
e R =minjxj|a; —«aj| (the root separation)
e «; are the complex roots of f.

In : f = x*—60x3+1000x> —8000x ’ /

Re

Herman, Hong
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In : f e Cl[x], square-free

Out : B < R where
e R =minjxj|a; —«aj| (the root separation)
e «; are the complex roots of f.

In : f=x*—60x3+1000x2—8000x !
Out : B = any number < V20 " / .
since R = /20 :
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Fundamental problem in algorithmic mathematics.
Sign evaluation of algebraic expressions

Real root counting

Root isolation

Algebraic number theory

Topological properties of curves

Quantifier elimination
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Derivation of New Bound

e Let B be arbitrary root separation bound.
Let fs: x — f(x/s).
Let B(s) : f — B(fs)/s.
Then B(s) is a root separation bound of f for arbitrary s.

e Let B* : f — max, B(s)(f).
Then B* is covariant under scaling.

e We choose B to be Bpapierso-
3|dis(f)]
dd/2+1 (\/d—HHfHoo)d_l

where ||f||co = max; ||aj].

BMahleroo =
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® Bpuanier(s) and Bpanjerso(s) for three random polynomials.
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Derivation of New Bound

® Bhanieroo(s) is maximized at some intersection point
<\aq ) 1/(a=p)
Spq = |\ T2
|ap|

e Plugging these intersection points into Bpjanser(s) yields a bound:

max Buahter (Spq)

a

e Apply this bound to f(x — =), finally obtaining

3[dis ()]

Brew = dd/2+1 [d-1
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Conclusion

e We showed that the previous bounds are
not invariant under translation
not covariant under scaling.

e We derived a new bound which is
better than Mahler bound (in fact, all others).
invariant under translation
covariant under scaling.
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e Optimize for root translation-scaling. f(sx + t).
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