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Problem: Root Separation Bound

Problem

In : f ∈ C[x ], square-free

Out : B ≤ R where

• R = mini 6=j |αi − αj | (the root separation)
• αi are the complex roots of f .

Example

In : f = x4−60x3+1000x2−8000x

Out : B = any number ≤
√

20
since R =

√
20
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Motivation

Fundamental problem in algorithmic mathematics.

Sign evaluation of algebraic expressions

Real root counting

Root isolation

Algebraic number theory

Topological properties of curves

Quantifier elimination

∙ ∙ ∙
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BMahler (f (x−2)) = 3.06 × 10−7 6= BMahler (f (x))

BMahler (f (x/2)) = 1.05 × 10−6 6= 2BMahler (f (x))

Challenge

Find a bound B such that

B(f ) � BMahler (f ) “Better than Mahler”

B(f (x − t)) = B(f (x)) “Invariant under translation”

B(f (x/s)) = sB(f (x)) “Covariant under scaling”
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2

• wp,q,i =
(
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2

Example

f = x4 − 60x3 + 1000x2 − 8000x

Mahler New

BMahler = 8.26 × 10−6 BNew = 4.19 × 10−1

||f ||2 = 8.06 × 103

Herman, Hong Root Separation Bounds



Comparison: Magnitude

Bounds

Mahler New

BMahler =

√
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dd/2+1 ||f ||2d−1 BNew =

√
3|dis(f )|

dd/2+1 Hd−1

||f ||2 =
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i |ai |
2 H = minp,q
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i wp,q,i |ãi |

2

Example

f = x4 − 60x3 + 1000x2 − 8000x

Mahler New

BMahler = 8.26 × 10−6 BNew = 4.19 × 10−1

||f ||2 = 8.06 × 103 H = 2.17 × 102
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d = degree

B-height = maxi
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|ai |/

(d
i

)) 1
d−i
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d = degree

B-height = maxi

(
|ai |/

(d
i

)) 1
d−i

Fix B-height = 217. Change d . Fix d = 3. Change B-height.
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Mignotte polynomials have small separation bounds.

fd ,h(x) = xd − 2(hx − 1)2
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fd ,h(x) = xd − 2(hx − 1)2

Fix h = 10. Change d . Fix d = 10. Change h.
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Fix f . Consider f (x + t) for various t.

Note

BNew is invariant
under translation.
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Comparison: Behaviour under Scaling

Fix f . Consider f (x/s) for various s.

Note

BNew is covariant
under scaling.
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Derivation of New Bound

• Let B be arbitrary root separation bound.
Let fs : x → f (x/s).
Let B(s) : f → B(fs)/s.
Then B(s) is a root separation bound of f for arbitrary s.

• Let B∗ : f → maxs B(s)(f ).
Then B∗ is covariant under scaling.

• We choose B to be BMahler∞.

BMahler∞ =

√
3|dis(f )|

dd/2+1
(√

d + 1 ||f ||∞
)d−1

where ||f ||∞ = maxi ‖ai |.

Herman, Hong Root Separation Bounds



Derivation of New Bound

• Since ||f ||2 ≤
√

d + 1||f ||∞, we have BMahler ≥ BMahler∞.

Herman, Hong Root Separation Bounds



Derivation of New Bound

• Since ||f ||2 ≤
√

d + 1||f ||∞, we have BMahler ≥ BMahler∞.

• BMahler (s) and BMahler∞(s) for three random polynomials.

Herman, Hong Root Separation Bounds



Derivation of New Bound

• Since ||f ||2 ≤
√

d + 1||f ||∞, we have BMahler ≥ BMahler∞.

• BMahler (s) and BMahler∞(s) for three random polynomials.

• BMahler [-] BMahler∞ [-]

Herman, Hong Root Separation Bounds



Derivation of New Bound

• Since ||f ||2 ≤
√

d + 1||f ||∞, we have BMahler ≥ BMahler∞.

• BMahler (s) and BMahler∞(s) for three random polynomials.

• BMahler [-] BMahler∞ [-]

• BMahler (s) and BMahler∞(s) behave similarly.
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Derivation of New Bound

• Maximize BMahler∞(s).

max
s

BMahler∞(s) = max
s

1

s

√
3|dis(fs)|

dd/2+1
√

d + 1
d−1

||fs ||
d−1
∞

=

√
3|dis(f )|

dd/2+1
√

d + 1
d−1

mins maxi{sg(i)|ai |d−1}

where
g(i) = (d − 1) (d − 2 i) /2 + 1
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Derivation of New Bound

• Maximize BMahler∞(s).

max
s

BMahler∞(s) = max
s

1

s

√
3|dis(fs)|

dd/2+1
√

d + 1
d−1

||fs ||
d−1
∞

=

√
3|dis(f )|

dd/2+1
√

d + 1
d−1

mins maxi{sg(i)|ai |d−1}

where
g(i) = (d − 1) (d − 2 i) /2 + 1

• Find
Q = min

s>0
max

i
sg(i)|ai |

d−1
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Derivation of New Bound

We need to study maxi s
g(i)|ai |d−1.

Herman, Hong Root Separation Bounds



Derivation of New Bound

We need to study maxi s
g(i)|ai |d−1.
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Derivation of New Bound
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(
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Derivation of New Bound

• BMahler∞(s) is maximized at some intersection point

spq =

(
|aq|
|ap|

)1/(q−p)

• Plugging these intersection points into BMahler (s) yields a bound:

max
p,q

BMahler (spq)

• Apply this bound to f (x − ad−1

d ), finally obtaining

BNew =

√
3|dis(f )|

dd/2+1 Hd−1
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Thanks!
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Ongoing Study

• Optimize for root translation: f (x + t).

BMahler [-] BMahler∞ [-]

• Optimize for root translation-scaling. f (sx + t).
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