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1. Introduction

In this paper we present improved root separation bounds. A root separation bound is a lower
bound on the distances between the roots of a polynomial (or polynomial system). First, we introduce
the notion of the root separation by an example.
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Fig. 1. Roots of f(x) (top left), distances between roots (top right), minimum separation highlighted (bottom center).

Example 1. Let us consider the case of a single polynomial in a single variable. Let f(x) =x*—60x3 +
1000x2 — 8000x. The roots of f(x) are plotted in Fig. 1. The lengths of the red line segments are the
distances between the roots of f(x). The root separation is the smallest of these distances. The root
separation of f(x) is +/200, so any number less than or equal to +/200 is a root separation bound. 0O

Root separation bounds are fundamental tools in algorithmic mathematics, with numerous ap-
plications (Li et al., 2004; Emiris and Tsigaridas, 2004; Burnikel et al., 2001; Schultz and Moller,
2005; Tsigaridas and Emiris, 2008; Strzebonksi and Tsigaridas, 2011). As a consequence, there has
been intensive effort in finding such bounds (Mahler, 1964; Mignotte, 1974, 1995; Rump, 1979;
Tsigaridas and Emiris, 2008; Emiris et al., 2010; Collins and Horowitz, 1974; Bugeaud and Mignotte,
2004), resulting in many important bounds. Unfortunately, it is well known that current bounds
are very pessimistic. Furthermore, we have found another issue with current bounds. If the roots
of a polynomial are doubled, the root separation is obviously doubled. Hence we naturally ex-
pect that a root separation bound would double if the roots are doubled. This does not happen:
for the polynomial in the above example, the well known Mahler-Mignotte bound (Mahler, 1964;
Mignotte, 1974) becomes smaller when the roots are doubled. If the roots are tripled, the Mahler-
Mignotte bound is even smaller. In other words, the Mahler-Mignotte bound does not scale correctly;
the bound is not compatible with the geometry of the roots. To the best of the authors’ knowledge,
the same observation holds for all efficiently computable root separation bounds.! We elaborate further
on this phenomena in the next section.

This discussion leads us to the following challenge: find new root separation bounds such that

(1) the new bounds are (almost always) less pessimistic than previous bounds,
(2) the new bounds scale correctly, and
(3) the new bounds can be computed as efficiently as previous bounds.

1 There do exist many bounds in the literature which scale correctly but are not efficiently computable. For example, the root
separation bound which simply returns the exact root separation scales correctly with the roots. Other examples include the
Mahler bound with the Mahler measure in the denominator (Theorem 2 of Mahler, 1964) and several bounds due to Mignotte
(1995), all of which depend on the magnitudes of the roots.
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The main contribution of this paper is to provide two new bounds which meet the challenge:
one univariate root separation bound, and one multivariate root separation bound. We found the new
bounds by transforming known bounds into new bounds which meet the challenge. In the univariate
case, we transform the celebrated bound of Mahler and Mignotte (Mahler, 1964; Mignotte, 1974). In
the multivariate case, we transform the DMM bound due to Emiris, Mourrain, and Tsigaridas (Emiris
et al,, 2010). Experimental evidence indicates that the improvement is usually very large, especially
when the magnitudes of the roots are different from 1.

The structure of this paper is as follows. In Section 2 we elaborate on the challenge discussed
above. In Section 3 we present the main contributions of this paper: one univariate root separation
bound and one multivariate root separation bound, both of which meet the challenge. In Section 4
we derive the two new bounds. In Section 5 we discuss the experimental performance of the new
bounds.

2. Challenge

In order to motivate our search for new root separation bounds, we recall the celebrated Mahler-
Mignotte root separation bound (Mahler, 1964; Mignotte, 1974).

V3|discr(f)]

Bum(f) = ———7—

421 f1197!
where discr(f) is the discriminant? of f and d is the degree of f. Let us apply the Mahler-Mignotte
bound to an example.

Example 2. Let f(x) = x* — 60x3 + 1000x%> — 8000x. As we saw in Example 1, the root separation of f
is +/200 (~ 14.14). How does the Mahler-Mignotte bound perform on this polynomial? We have

|discr(f)| =2.56 x 10'®, || f||» = 8.06 x 10°

and the degree of f is 4. Combining these pieces, we have

Bum(f(x)) = 8.26 x 1076,

This bound is significantly smaller than the root separation of f. Actually it is smaller by several orders
of magnitude!

Now we consider the polynomial f(x/2). Obviously, the root separation of f(x/2) is twice the root
separation of f. Hence we naturally expect that the Mahler-Mignotte bound of f(x/2) is twice the
Mahler-Mignotte bound of f. Let us see what happens:

Bum( f(x/2)) = 1.05x 107°

It is not twice the Mahler-Mignotte bound of f. In fact, it is even smaller than the Mahler-Mignotte
bound of f! This is very surprising. Maybe this is a peculiarity of our choice of 2. We will try scaling
by a different number.

Bum( f(x/3)) = 3.12 x 107~/

What happened? The Mahler-Mignotte bound of f(x/3) is even smaller than the Mahler-Mignotte
bound of f(x/2). It appears that the Mahler-Mignotte bound is decreasing as we increase the distance
between the roots. Can this be true? Lets calculate Byy( f(x/s)) for many different values of s and
see. In Fig. 2 we plot Bym ( f(x/5)).

Unfortunately, our suspicions are correct. Look at s = 1, where By ( f(x/1) ) is simply the
Mahler-Mignotte bound of f. To the right of s =1, the function By ( f(x/s)) is decreasing. In fact,

dd-1)
2

2 Recall that the discriminant can be calculated via the resultant: discr(f) = (—1)
coefficient of f.

1 ’ : .
ares(f, f), where aq4 is the leading
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Fig. 2. Bym (f(x/s)).

the Mahler-Mignotte bound is approaching zero as the root separation increases. The situation is
equally strange to the left of the Mahler-Mignotte bound of f. When we decrease s, we see that until
s reaches a value around .18, the Mahler-Mignotte bound is increasing. In other words, the Mahler—
Mignotte bound is increasing when the root separation is decreasing. This is very surprising and also

undesirable. O
Let us summarize the observations from the above example.

(1) The Mahler-Mignotte bound is very pessimistic (several magnitudes smaller than the root sepa-

ration).
(2) The Mahler-Mignotte bound does not scale correctly (“covariantly”) with the roots of f.

We have also observed similar phenomena for other efficiently computable root separation bounds.
Thus we have a challenge.

Challenge. Find a function B : (C[xq,...,%,])" — R4 such that

(1) B(F) is a root separation bound.

(2) B(F) is almost always larger (hence less pessimistic) than known root separation bounds.
(3) B(F) scales covariantly.

(4) B(F) can be computed as efficiently as previous bounds.

3. Main results

The main results of this paper are two new root separation bounds: one univariate root separation
bound and one multivariate root separation bound. The two new bounds meet the challenge posed in
the previous section. In this section we will precisely state the main results of the paper. We use the

following notation.

Notation 1.

f=Yax =aq [T, (x— ;) € Clx]
Fp = {F € (C[X1,..., %)™ : F has finitely many (at least two) solutions, and all solutions are simple}
F=(f1,..., fa) €Fy
A(F)=min g_gccr 1181 — B2ll2
F(B1)=F(B2)=0
discr(f) = agd_z ]_[i#(a,- —aj)
E(f) = Support(f)
d; = deg(f;)
D=d;---dy
M;i=[];.id;
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Definition 1. A function B : F,, — R is a root separation bound if B(F) < A(F) for all F € ;.

We begin by recalling two root separation bounds: a univariate bound due to Mahler and
Mignotte (Mahler, 1964; Mignotte, 1974)3

Jdiscr(f)|

B ,c(f)=
MM 1F1E

Py(d)

where

B V3
h dd2+1(d + 1)(%—%)@—1)

Py(d)

and a multivariate bound due to Emiris, Mourrain, and Tsigaridas known as the Davenport-Mahler-
Mignotte bound (or DMM bound) (Emiris et al., 2010)*

|discr(T,)|
fqu@wuﬂmm
(T i)

Bpmm(F) =

where

V3
. M; b-1
DD/2+1 . p12yy . (m(n +1PWPTL, (d;ji-n) )

T, = the resultant of (fo, f1,..., fn) which eliminates {x1, ..., xn}

P(dy,....dn,n) =

D
fo = a separating element in the set {u —x1—ixg— - — " xy:0<i<(n— 1)<2>}

- (reofd))”

We are now ready to present the main contributions of this paper: a new univariate root separa-
tion bound, and a new multivariate root separation bound.

Definition 2 (New univariate bound). Let k > 2. Define

Jdiscr(f)|

BNew.k(f) = Tpk(d)

where

1 =

o . (|h(q)|>k lag) \ ™"
Sy = max min — ) —
i » \\h®l) o

h(g)<0 h(p)>0

hm—di+ !
T2 d—1’

3 The Mahler-Mignotte bound is usually presented with the 2-norm (as in the previous section) or the co-norm. It can easily
be extended to arbitrary k-norm (k > 2).
4 We present a slight modification of the bound from Emiris et al. (2010). See Lemma 8 for details.
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Fig. 3. Scaling covariance of Bnew.co-

Theorem 1 (New Univariate Bound). Let k > 2. Then

BNew k IS a Toot separation bound.
[f k = oo, then Byew k = Bum .k (When k < oo, see the discussion in the following remark).
Bnew k Scales covariantly.

I
5 can be computed in O(d) algebraic operations® and comparisons using Algorithm 4.

Example 3. Let f = x* — 60x> + 1000x? — 8000x. Recall that the root separation of f is approximately
14.14. We have

BMM.0o =7.56 x 1077

1

1 fe=m1

. . (|h<q>|)k|aq| o
500 = mMax min — | —
gei3.4pe1.2) \\ k(D) ) |ap|

. 60| \7T / |60] \*2] . | \= [ 1] \#2
= max{ min —_ N , min - | —
13000 11000 13000 11000]

— max{s.oo x 1072,3.16 x 10—2}
=6.00 x 1072

11X = 3.60%° +3.60x% — 1.73]|
B (6.00 x 10-2)2 7

3 3.60

(6.00 x 10-2)3

=3.91 x 10?

BNew.co = 6.45 x 1073,

Heo

Note that Bnew,oo iS @ root separation bound for f, and is significantly larger than By, . To demon-
strate the covariance, we plot the function Byew.co( f(x/S)) in Fig. 3. O

Remark 1. Experimental evidence (presented in Section 5) indicates that Bpey x is almost always
larger than By i for finite k. For example, with the same polynomial as in the preceding examples,
we have

Bnew.2(f) = 2.02x1072 > Bym.2(f) = 8.26 x 1078,

5 Arithmetic and radicals.
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Furthermore, Byew k is almost always larger for smaller k, as the same example illustrates:

Bnew2(f) = 2.02x 1072 > Bpew.oo(f) = 6.45 x 1073,

In Section 5 we will provide theoretical justification for this observation.

However, it is not true that for finite k the new bound Bey  is always larger than By x (unlike
the case when k = 00). As we will see later in the derivation of the bound, this is because the bound
includes a certain approximation which becomes tighter as k increases. We can construct examples
with Byew k(&) < Bym k(g). For example, let k=2 and

g=x%—3.844x% + 4.105x* — 2.104x.
Then®

Bnew.2(f) =1.29 x 1073
Bum.2(f) =132 x 1073,

Remark 2. For square-free integer polynomials, the discriminant has a lower bound of 1. Hence in
practice the discriminant is almost always replaced by 1. In this case, part (4) of Theorem 1 implies
that Byew k can be computed in O(d) algebraic operations and comparisons. Note that removing the
discriminant sacrifices the scaling covariance. When the coefficients are not rational it is difficult to
obtain a lower bound on the discriminant.

Remark 3. It is possible to replace S; by a number which is computed without using radicals if we
allow ourselves to compute to arbitrary accuracy the real root of a polynomial. 7

Definition 3 (New multivariate bound). Define

[discr(Tg,)|
HD—]

where P, Ty, and fo are from the definition of Bpyy and

BNew (F) = Py, ....dn,n)

H = minR(s)
s>0

L M;
Tt 1| Yeercr S 1eel 1o

1
§2 7 D-1

R(s) =

Theorem 2 (New multivariate bound). We have

(1) Bnew is a root separation bound.
(2) BNew = Bpmwm-
(3) Bnew scales covariantly.
(4) The minimizer of R(s) can be computed in O (n - m + n - d) algebraic operations and comparisons using
. o D 1 .
FindMinimizer | F, (M1, ..., Mp), 2 D1 (Algorithm 6)

where

6 A curious reader may wonder how this example was constructed. In the notation of Section 4.2, g ~ f[sél, where f is the
same polynomial we considered in the previous examples.
7 The polynomial is obtained by replacing t with s¥ in the definition of Qi(t) in Lemma 3.
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m = # monomials of F
n
d=> d;.
i=1

Example 4. Let F = (f1, f2), where
fi=x3 +x3—100
fo=x5 —x} —25.
It is simple to verify that the root separation of F is ~/150 (& 12.2). It is also simple to verify that
fo=u—x1—x
is a separating element in the set
{u—x1—ixy:0<i<6}.
We compute

T, = 4u® — 800u? + 2500

JIdiscr(Ts,)| =2.40 x 108

P =+/30/48348866242924385372681011200

[1f1lloc = 100
[1f2lloo =25
Lf 11211 f2l1%, = 6.25 x 10°.
Hence
2.40 x 108 3
Bpmm(F) = X V3 ~ 111 x 1040

(6.25 x 106)"  48348866242924385372681011200

Now we compute H. We compute

. ) L 4 1
s* = FindMinimizer(F, (2, 2), 3 —)

4-1
=1.00x 107"
Hence
H =R(s")
=4.64 x 10"
Hence
Brew (F) = 220 10° V3 ~271% 1075,

(4.64 x 101)°* ' 48348866242924385372681011200

Note that this number is still quite pessimistic; however, the new bound is significantly larger than
Bpmm (F). To demonstrate the covariance, we plot the function Byew ( F(X1/S,x2/s)) in Fig. 4. O

Remark 4. Note that Byey is only defined for the co—norm. It turns out that generalizing the result
to arbitrary norms is more difficult than in the univariate case.
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Remark 5. For F € IF, with integer coefficients, Ty, is a square-free integer polynomial; in this case
discr(Tg,) has a lower bound of 1. Hence in practice the discriminant is almost always replaced by 1.
In this case, part (4) of Theorem 2 implies that Byey can be computed in O (n-m+n-d) algebraic
operations and comparisons. As with the new univariate bound, removing the discriminant sacrifices
the scaling covariance. When the coefficients are not rational it is difficult to obtain a lower bound on
the discriminant.

4. Derivation
4.1. Overall framework

In this section, we present the framework we use to derive the two new bounds. To make the
presentation as general as possible, the framework will be derived for square polynomial systems.
Of course, the univariate case is included by considering a square polynomial system which contains
only one polynomial. We use the following notation.

Notation 2.
o FISl=(fI . f¥) where £ =s% fi(x1/s, ..., % /9).

Note that in the above notation we scale the roots of F using a slight modification of the scal-
ing operation in the introduction. Since the only difference between the two scaling operations are
the leading coefficients, the two operations are equivalent. We use this scaling operation for later
convenience.

In Propositions 1-3 we will incrementally develop the framework used to meet the challenge
stated at the beginning of this paper.

Proposition 1 (Scaled bound). Let B : F,, — R be a root separation bound and s € R.. Let

B*:F > B(FPD
: —.

Then
(1) B*is aroot separation bound.
We will illustrate the result by a simple example, since the proof is simple.

Example 5. Let f(x) = x* — 60x3 4+ 1000x% — 8000x. We have

Bum2(f1?1) = Bum2(2*f(x/2)) = 1.05 x 107°. (1)

Since By 2 is a root separation bound, it follows that
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Bum2(fP1) < APy = 2A(f).
Rearranging yields

Bum,2( f21)
2

Combining (1) and (2) we have

< A(). (2)

1.05 x 1076
2

Note that 5.25 x 1077 < Bmm,2(f). So 2 was not a good choice for s.

How should we choose s? In Fig. 5 we plot the function B 2( f¥1)/s. Clearly, we should choose
s so that the function is maximized. We see that for s ~ .06, the new bound is approximately 2.00 x
1072, This new bound is significantly larger than By 2(f) =8.26 x 10°%. O

=5.25x 1077 < A(f).

Proposition 2 (Covariant bound). Let B : F,, — R be a root separation bound and o : F, — R, . Let
B(Flo(P)y

Co(F)

IfVF € Fp and Vy > 0 we have

B*:F >

1
o(F"y= o (F)
Y
then

(1) B*is aroot separation bound.
(2) B* scales covariantly.

Proof. The first property follows from Proposition 1.
We will now prove the second property. Let F € F, and y > 0. By definition

5 (o)

o (FINT

B*(F[V)]) —
Since o (FI' = %O‘(F), we have
¥l
(F[yl)["(F " plyo Y _ ply- 3o (P _ plo ()] 3)

Hence
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[O(F[y)])]
B ( (F) ) o)

o (FIVI) T o (F)
B(F[U(F)]) B B(F[G(F)l) _ .
%O’(F) =Y o(F) yB*(F).

B*(FVly = from (3)

We have proved that B* scales covariantly. O

Proposition 3 (Optimal bound from known bound). Let B : F,, — R be a root separation bound. Let

B(FUI
B*: F — max ( ).
s>0 N

Then

(1) B*is a root separation bound.
(2) B* scales covariantly.
(3) B*(F) = B(F).

Proof. The first property follows from Proposition 1.
To prove the second property, we will perform a rewrite and then make use of Proposition 2. Let

B(F!s]
o (f) = argmax )
s>0 S
Clearly
B(Flo(F)]
B*:F+> BE" D)

o (F)
Let F € F, and y > 0. We will show that o (FI¥1) = %G(F). We have

B ( (F[V])[s] )

o (F1) = argmax
s>0

s
B ( Flysl )
= arg max
s>0 N
1B ( Flysl ) )
=argmax — —— sincey >0
s>0 Y S
B ( Flysl )
= arg max
s>0 sy
1 B(FiT)
= — argmax
s>0 N
1
=—o(F).
14

Hence by Proposition 2, B* scales covariantly.
We will now prove the third property. We have

B(FUB!) - B(F!'l)  B(F)
-1 1

We have proved the Proposition. O

B*(F) = max = B(F).
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Let us summarize the framework built up in this section. We have seen that for a given root
separation bound B

B(FlSJ)
max
s>0 S

meets the challenge if the maximum can be computed efficiently. If the maximum cannot be computed
efficiently, we can approximate the maximum. We can then use Proposition 2 to guarantee that the
new bound is scaling covariant.

4.2. Derivation of new univariate bound
In this section we derive the new univariate bound. We will find a tight approximation 5 of

. Buim i ( f1)
S = argmax ———————.
s>0 S
We will then use Proposition 2 and a result due to Melhorn and Ray (2010) to show that the bound

Bk (fID)

BNew,k = 3
k

meets the challenge.

We will use our first few Lemmas to find a simplified expression for s;. Our eventual goal is to
find an expression for s that we can use to tightly approximate s;. We will take advantage of the
following easily verifiable identities:

Lemma 1. Let g: Ry — Ry, and ¢ > 0. Then
(1) argmaxsso g(s) =argmaxs=o ¢ g(s)
(2) argmax-o g(s) = argmaxs-o (g(s))°

(3) argmaxs~o g(s) = (argmins-o g(s)) .

As our first simplification step, we will find an expression for si which does not include the
discriminant or Pj(d).

Lemma 2. Let f € C[x]. Then

sp = argmin Ry(s)
s>0

where

Proof. To prove the claim, we will expand the expression for

Bumk( f151)
S

then simplify this expression with the identities of Lemma 1. We have

Vdiscr(fIsh)

Bumi( fB1) = —
|| flshyjd=t

Pk(d)~ (4)

Since
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d d
Bl =5 f(x/s) =s%ay H(x/s — o) =aq n(x — saj)

i=1 i=1
we have
discr(fisy = aﬁdfz 1_[(501,- — saj)
i#]
= ac21d—25d(d—1) 1_[(06,‘ —oj)
i#]
= s4@Vdiscr(f).
Hence
Buim i (f15)) _ 1y |discr(f15)]
s S fEIET
VIst@=Ndiscr(f)|

|| fishyd-t

d(d—1)
2 di
:s VI zscr(f)|Pk(d)

d—1
sIFII
d@=1) _4

S 2 Jdiscr(H)IP(d)

= a1
LB

Py (d)

Pi(d) from (5)

1
s

d 1 d—1
d

27 d1
- (iﬂ—]nk> Jidiscr(P)IP(d)

N
=< ) Vidiscr(f)|Pr(d).

Ry (s)

Now we apply the identities from Lemma 1 to the expression in (6):
B [s] d-1
arg max M = arg max Vdiscr(f)|Pr(d)
s>0 S s>0 \ Ri(s)
1 d—1
= arg max
s>0 Rk(S)
1
= arg max
s>0 \ Ry(s)

= argmin Ry (s).
s>0

We have proved the Lemma. O

37

(Identity 1)

(Identity 2)

(Identity 3)

We will now find an even simpler expression for s; which depends only on the unique positive

root of a polynomial with a particularly nice structure.
Lemma 3. Let k > 2. Then
* w1
Sk = (t )k

where t* is the unique positive root of
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d
Q(t) =Y _h(@) lail* - 17

i=0

and h(i) =4 —i+ 7.
Proof. For later convenience, we first rewrite Ry (s). We will show that

~ 1
Ri(s) = Ri(s)*
where

d
~ l s
Ri(s)e = (9" gy ¢
i=0

Consider the following repeated rewriting:

1N
Ri($) = ——
§s2 7 d-1
d ¥
d—i
21—0|s Cl| )
= d_ 1
§2 7 d-1
d f
ki |1k
(Zi:o skd—ki || )
= a_ 1
§2 d-1

. N
since h(i) = 3 —i+

d t
_ (Z(sk)h(i) |ai|k>
i=0
~ 1
= Ry(s)*
Combining Lemma 1 and (7), we have
s,’: = argmin Ry (s) = arg min Ri(s).
s>0 s>0
Hence from Calculus, we have
Ri(sp) =0.
Note that

d—1

(9)
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d
Ri(s) = "0 ki) ai .
i=0

Define the polynomial

d
Qr(t) = Zh(i) la; |} - ¢4,

i=0
We have

d
ks T T Qs =5 T E TS khi(i) fagl - (M)

i=0

d
—ki—kd_ _k__ .
— Zskd ki—% — 3551 -kh(l) |ai|k
d kd _pi_ _k
=D s T kh(i) fag
d d_:_ 1
— Zsk(iflfﬁ)f‘l . kh(i) |a1|k
i=0

d
= Zskh(i)’] -kh(i) |ai|k

i=0
= R (5).

Hence
Ri(s)=0 <= Qx(s5)=0 Vs>o0. (10)

Note that Qi (t) has a single sign change,® since h(i) is strictly decreasing with i. By Descartes Rule of
Signs, Q(t) has a single positive root t*. Combining (8), (9), and (10), we have

1
sp = (t")k.

We have proved the Lemma. 0O

Since Qj is a polynomial with a single sign change, we can derive a tight approximation of its
single positive root with the following result.

Theorem 3 (Herman and Hong, 2015). Let f = > "1 cix® have a single sign change, and x* be the unique
positive root of f. Then

L<x*<U

8 The number of sign changes of a real polynomial is the number of times the signs of the coefficients change from positive
to negative, when the coefficients are ordered by degree.
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where 1
L==-H
3 )
U=2%H(f)
1
H(f) = max min <M> o
q p ICpl
cq<0 ¢p>0
ep>eq

We will now combine Theorem 3 and the definition of Qj to approximate sj.

Lemma 4. Let k > 2. Then

1 : LI 1 1
<5> (H(Qp))* < s, <2k (H(Qp))k .

Proof. From Lemma 3, we have
1
s,’j = ("% (11)

where t* is the unique positive root of Q(t). Since Qi(t) has single sign change, we can apply
Theorem 3. We have

L<t*<U (12)
where
1
L= EH(Qk)
U =2H(Qx).

Combining (11) and (12), we have
1 1
Dk <sp < (U)k.

Equivalently

1\ 1 o1 1
(5) (H(Qi)* =5, =2k (H(Q)¥ .

We have proved the Lemma. O
Recall the definition of S from Section 3:

1

1 @-p
Sx= max min <—|h(q)|>kM
lh(p)I)  |ap|

q p
h(q)<0 h(p)>0

We will use the next two Lemmas to show that 5, tightly approximates s;;. We split the Lemmas up
for the sake of clarity.

Lemma 5. Let k > 2. We have

S = (H(Qu)*
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and
lim 5, = H(G)
k— o0
where
c= o 3 1 g
D lap| q lagl
h(p)>0 h(g)<0

Proof. We have

1
k\ {d=p)—(d=q)
|h(q)| |aq| )(d p)—(d—q)

(H(Q)¥ = | max Mn( -
Ih(p)| |ap|

q p
h(q)<0 h(p)>0

1

1
WMM%Vy”

= | max min( .
Ih(p)!|ap|

q p
h(g)<0 h(p)>0
1

k\ kq—
mwm%!)“”

= max min < 7
Ih(p)||ap|

q p
h(q)<0 h(p)>0

1
B . (WW)W%|Wm
= max min —_— —_—
q h)1/) ap|

p
h(q)<0 h(p)>0
=5

We now consider the limit. We have

1 @p
k |a
lim 5§y = lim max min ((M) M)

k ! q p h
k— 00 k— 00 h<0 h(E)>0 lh(p)|

1
@
= max min (M> qp .
1 p |ap|

h(g)<0 h(p)>0
1
) (d—p)—(d—q)

)
'

We also have

E|_\

q

H

H(G) = max min (
q p

h(q)<0 h(p)>0
(d—p)>(d—q)

)

a

E|__.
1
=

= max min ( 9

q p
h(@)<0  h(p)>0
(d—p)>(d—q)

H

a

=

‘H

=

= max min

q p
h(g)<0 h(p)>0
(d—p)>(d—q)

/N

aq

41
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1
- (lap)\ TP
= max min |—
q p lag]
h(g)<0 h(p)>0
p=<q
1
. lap|\ @ . .. . . o
= mqax mpm ﬁ since h(i) is strictly decreasing with i
a
h(@<0 h(p)>0 ' 1
= lim §j. O
k— o0
Lemma 6. Let k > 2 and
« Bum( f151)
S = argmax ——————.
s>0 S

Then
1

T\*. « 1.
5 Sk < s < 2ksy

where
1
1 @
. . lh@]\* |ag| \ """
Sk = mqax mpm o)l m
h(q)<0 h(p)>0 b L
d 1
h(i)==-—i+——.
@ 2 + d—1
Proof. Let k > 2 and
B [s]
s; = argmax Bumk(S7) =) .
s>0 S

Combining Lemmas 2, 4 and 5, we have

1
T\*. N 1.
5 Sk < 8 < 2k,

We have proved the Lemma. O

We are now ready to define the new bound. In Lemma 6, we showed that 5 is a tight approxi-
mation of sj. As k increases, the approximation becomes tighter. Thus we choose to approximate the
bound

Bk (f51)
max —— L 2
s>0 S

with the bound

Buwi (S5 _ Jldisor DI, o

3 d—1
Sk H,
Before proving Theorem 1, we present an algorithm for computing S;. We combine Lemma 5
and an ingenious algorithm due to Melhorn and Ray (2010) to compute H(Q) in O(d) algebraic
operations and comparisons. We formally state their complexity results in the Lemma below.

BNew,k(f) = (13)

Lemma 7 (Melhorn and Ray, 2010). Let g € R[x] with m non-zero coefficients. Then H(g) can be computed in
O(m) algebraic operations and comparisons with the algorithm ComputeH (Algorithm 3).
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Algorithm 1: Lower HullUpdate

1

D TR W N

w

9
10
11
12
13

Input : £ = a list of points which form a lower hull, sorted from left to right.

‘P = a point to the left of L. 7 = a point in L.l = a line.
Output: (£',77,1') where £ = the lower hull of PUL. T/ =T if T € L.
Otherwise 7 = P. 1" =1if T € L. Otherwise [ =the line from P to
(0,00).
begin
L — (P, L)%
T «—T;
U 1
P1, Py, P3 < the first 3 elements of L';
while size(L') > 2 and Sp, p, > Sp,p,// A right hand turn is made
on the path P; — P2 — P3
do
Remove Py from L’;
if P, =7 then
T —P;
" «—the line from P to (0, c0);
P1,Pa, P3 < the first 3 elements of L;
end

2 This notation should be read as “The list with P as its first element and the elements of £ as the

remaining elements”.

Algorithm 2: T'angentPoint

1

oUW N

8

Input : £ = alist of points which form a lower hull, sorted from left to right.

P = a point to the left of L.
7T = a point in L.
Output: 7': The tangent point of P and the points to the right of 7 in L.
begin
T «—T;
if 77 is not the rightmost point in L then
Y « the point to the right of 7/ in L;
while 77 is not the rightmost point in L and Sp 7+ > Sp,y// The
slope of the line from P to 7’ is greater than the slope
of the line from P to )
do
T <)

end

We slightly modify their algorithm to avoid logarithm computations:

e We represent points (i, —log(|a;|)) with the pair (i, |a;|).
e For points P; and P, represented by (p1, |ap,|) and (p2, |ap,|) respectively, let

1
lap, |\ P1-P2
Spy,p, = ( :

|ap1|

43

e For points P; and P, represented by (p1, lap,|) and (p2, |lap,|) respectively, the line from P; to
P, is represented by

((p1lap, D), (P2, lap,D)-

Remark 6. In Melhorn and Ray (2010), the point 7 and line I are not reset when 7 is removed

from £ (as we do in Algorithm 1). This appears to be a minor oversight which we correct here.
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Algorithm 3: ComputeH

Input : f= Zf:o a;z’ € R[z]
Output: H(f)

1 begin

2 T o (d o)

3 L <« an empty list;

4 L —(T,L);

5 Il « LineThrough( T, (0,00) );

6 H «— —o0;

7 for i from d—1 to 0 by —1 do do

s P (il

9 if a; is positive then
10 (L,T,1) « LowerHullUpdate(L,P,T,1);
11 else
12 if 87371[2] < Sl[l],l[Z] // P lies below I
13 then
14 T « TangentPoint(L,P,T);
15 Il « LineThrough( P, T);
16 H o max{H, S}
17 end

Proof of Theorem 1. We prove the claims of the Theorem one by one.

(1) Combine (13) and Proposition 1.
(2) From Lemma 6, we have

So0 =Sk
Hence
Bum, o f151)
BNew,oo(f) = —— o>
Soo
_ Bum.oo( f15%))
530

BmM,oo( f5)
—=argmax ————.
s>0 S
Hence by Proposition 3, Byew.co(f) = Bum.co(f) for all f.

(3) Let ¥ > 0. We have

+.,d—q ﬁ
Sc(f) = max min ((”‘(Q)I)" Y |‘IQ|>

p h d—p
h(@)<0 h(p)>0 P/ y 4P ap|

1

. (W@H);I%I 1\
= max min —_— —_—
g )] Ja| 77

p
h(g)<0 h(p)>0

1 @
_1 max min (_lh(q)l)k M
14 lh(pl)  |ap|

q p
h(g)<0 h(p)>0

= —Sk.
Y
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Algorithm 4: Computes

Input : f= Zf:o a;z’ € Clz]
k>2

Output: 5
1 begin
2 if k is finite then
s Q = Sioh(i)ail* - 117
4 5 «— ComputeH(Q)*
5 else

Q= ¥ = ¥ sty
P q

6 h(p)>0 h(q)<0
7 5 «— ComputeH(Q)
8 end

Hence by Proposition 2, Byew k Scales covariantly.
(4) Combine Lemma 5, Lemma 7, and Algorithm 4.

We have completed the proof of Theorem 1. O
4.3. Derivation of new multivariate bound

In this section, we derive the new multivariate bound. We first briefly discuss the bound Bpuu
presented in Section 3.

Lemma 8. Let F € [F,. Then A(F) > Bpym (F).

Proof. To prove the result, we follow a proof almost identical to that in Emiris et al. (2010). Instead
of using the sparse resultant, we will use the multivariate resultant. Let fy be a separating element

and Ty, be the resultant of F and fo which eliminates x1, ..., x;. We use the same coefficient bounds
as in Emiris et al. (2010) to show that
n n M:
M; D D n+di\™
||Tfo||oos]'[||fi||ooc m+1) 1'[( i ) (14)
i=1 i=1
From Equation (16) in Emiris et al. (2010) we have
A(Tg,)
A(F) = 57
Hence
Bumm, oo (Tfy)
A(F) = “aiZ.c (15)

Combining (14) and (15), we have
A(F) > Bpum(F) O

For the remainder of this section, let F € F, be fixed, and fp a fixed separating element of F.
Similar to the previous section, we will begin by deriving a simplified expression for

N Bpmm(FBsh)
s* =argmax ————— .
s>0

Note that s, is does not depend on different choices of norm (unlike the univariate case) since Bpym
is only derived with the infinity norm.
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We first need to understand the effect that root scaling has on the discriminant of Tz,. We make
use of the following result from the proof of Proposition 5.8 of Cox et al. (2005).

Lemma 9. Let F be zero-dimensional, have no solutions at infinity, and have no singular solutions. Let

fo=udrxi+-+mxn

and Ty, be the resultant of (F, fo) which eliminates (x1, ..., Xy). Then
Tr,=C [ fol@
aeV(F)
where
C= Res(f)
F=(f1..... fa)
fi= Z aeX.
ecE(fi)
le|=d;

Lemma 10. Let s > 0. Let T}? be the resultant of F¥1 and fo. Then

discr(T}?) =sP®PVdiscr(T,).

Proof. To prove the claim, we will first show that the leading coefficients of Tg, and T}Z] are the
same. Then we will use the definition of the discriminant to complete the proof.

Let C be the leading coefficient of T, and C[fso] the leading coefficient of T!S!. From Lemma 9, we
have

C = Res(F) and C¥ = Res(F'sh (16)

Note that

—

fi[S] o Sdi fi (X]ﬁ- ) Xn/s)

e
Y ()
= Y a(3)(F)
=S a — e | —

le|=d;

1 e1+--+en
:Sdi E <_> aexil ...X;”
N

le|=d;

1)\ ertHen
_ i e
=s E - aeX
S

le|=d;

d 1\%
=g Z (;) aext

le|=d;

g (1)"
:s"<§> Zaexe
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Hence

F=FOl, (17)
Combining (16) and (17), we have

c=chbl, (18)

Note that the roots Ty, are

ryi1+-+myinl,
and the roots of T[f? are

{s-(ryix+--- +1’nJ/i,n)},D=1~

We will now expand the discriminant of TE%]. We have

) D(D—1)
dlscr(T}?) = (C[S]) [[G-via+-+myin) =s- 1yja+-- +myin)

i]
=CPP DTG yia+- +m¥in) —s- 1Y+ +Tayjn))  from(18)
i]
=sP@P=Dh®-D ]—[((m/i,l +- o Yin) — Y+ +Yin))
i)

=sPPDdiscr(Ty). O

Now that we know the effect root scaling has on the discriminant of Tg,, we can study the effect
of root scaling on Bppp. We will follow a similar procedure to the derivation of the univariate bound.
First we will find an expression for the scaled bound which does not depend on the discriminant of
Tf or P(d], ...,dn,n).

0

Lemma 11. Let s > 0. Then

B Flsl discr(T
pwm(FED) _ VldiserTp)ly

s ~ R(s)b-1

where

n (5] M;
(s = Tl 17112

D—-1

™

N

Proof. We have

Bpum(FBH) 1 ,/|discr(TE%])| i
= - N L
S

dy
M;(D—1
5 [T L feT e

D(D-1)

s 2 |discr(Tg,)|
N D—1
(T 1218

P(dq,...,dy,n) from Lemma 10

(I
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discr(T
_ |discr( fo)| P(d1,...,dy,n)

M\ D—1
<n’i1=1 Hf,'IS]Hool )
D__1_
s2 D-1

discr(T
_ VST @alpy g, o

R(S)D_l

Next, we find a simplified expression for s*. As in the univariate case, our eventual goal is to find
an expression for s* which leads to an efficient computation of s*.

Lemma 12. We have

s* =argminR(s).
s>0

Proof. To prove the claim, we will again make use of the identities in Lemma 1. We have

B Flsl discr(T
arg max M = arg max M P(dq,...,dn,n) from Lemma 11

5>0 S s>0 R(s)P-1
—argmax ————— Identity 1
B0 R(s)D-1 ( v

1
—argmax —— Identity 2
B RG) ( y2)
=argmin R(s) (Identity 3) O
s>0

We will now consider the computation of arg mins.g R(s). For the sake of generality, we will study
all functions of the form

U.
T 1S
RO="w

where Uq,...,U,, V € Rog. Let s* = argmins.g R(s). We will show that s* can be computed in
O(n-m+n-d) algebraic operations and comparisons.® Our overall strategy will be to transform
the problem into a new problem which is stated in terms of linear functions. More precisely, we will
show that log(R(s)) can be viewed as the upper envelope of a set of linear functions. We will make use
of a technique for efficiently computing upper envelopes known as the Convex Hull Trick to compute
s* efficiently.

Lemma 13. Let t = log(s). We have

log(R(s)) =) " U;- Tax, ((dj —le]) -t +log(lae))) =V - t.
i=1 '

Proof. We have

Y
log(R(s)) = log (W)

= Ui -1og(|| f{]lec) = V - log(s). (19)
i=1

9 Recall that m = # monomials of F and d = Y"}_ d;.
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Note that

log(I1£*1) =1og( max sdf—'6'|ae|>
ecE(f})

i

_ 62}%}5) ( log (Sdi_|€| |ae|) )

= max ((dj — e]) - log(s) + log(|ael) )

ecE(fi)

= max ((d; —le]) -t +1og(|ae|) ). (20)

ecE(fp)

Combining (19) and (20), we have
n
log(R(s)) = Z Ui -ege(l}() ((di—le])-t+log(la))—V-t. O
i=1 i

Since the sum of upper envelopes is an upper envelope, log(R(s)) is an upper envelope. The upper
envelope of a set of linear functions [;j(t) = 8; -t + & on t > 0 is represented by an ordered sequence
(i,,0), iy, tiyiy), - - iy, Ly i) such that

lij(6) —oco =<t =<t

li,(®) tiyi, St <ti,is
max li(t) =1 .
1

li,(t) t, i <t<oo

Given such a representation, finding the t which minimizes the upper envelope is trivial: we simply
find the corner point t where the slopes of the lines in the upper envelope switch from negative to
positive. In fact, this representation contains more information than is necessary to find the minimizer.
We need only store the slopes of functions which lie on the upper envelope, as well as the corner

points.
Hence we have the following initial strategy. For i = 1,...,n, we compute the upper envelope
representation of
max ((d; —le]) - t +log(lae|) ) . (21)
ecE(fy)

The most efficient algorithm for computing upper envelope representations of linear functions is
known as the Convex Hull Trick. It is not clear who deserves credit for this trick; it appears to be
folklore, not published in the literature. See Convex hull trick (2017) for a concise summary. We can
combine the upper envelope representations to find the representation of

log(R(s) =) Ui (ax ((di —le]) -t +log(lael)) — V - t.
i=1 '

We then read off the minimizer t* of log(R(s)) and return
* t*

=e

We will now discuss improvements to the above strategy. Note that in the above strategy we must
take logarithms. Recall that the current goal is to present an algorithm which produces the minimizer
in

On-m+n-d)
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algebraic operations and comparisons. It turns out that it is a relatively trivial matter to modify the
Convex Hull Trick algorithm to avoid logarithm computations for the current application. In the Con-
vex Hull Trick algorithm, we compare corner points t;, ;, and t;, j,. In our case, the corner points for
the upper envelope of (21) are the points where

(di —le1]) - t +log(lae, ) = (di — |e2]) - t + log(lae, |).
The above equality holds if and only if

1
e log(|ae, |) — log(|ae, |) —log <|a91|> le1—Tez] .
le1] — [ez] |ae, |

Clearly,

1 1 1 1
a le1l—lezl a le3]—leg4l a le—leal a le3[—le4l
lOg <|€1|> Slog (|€3|> <|€1|> S('6’3') .
|a€2 | |a€4 | |a€2 | |a€4 |

We can use this equivalence to perform all of the necessary comparisons in the Convex Hull Trick
algorithm without computing any logarithms.

It is also possible to speed up the computation of the upper envelope representations by making
use of the following Lemma.

Lemma 14. Let s > 0. Then

o= max s¥*.by
0<k<deg(f)

where

d=deg(f)

by = max |ae|.
ecE(f)
le|=k

Proof. Note that

X1\€1 /Xp\€2 X1\¢6n
fr=slfoa/s.....x/=s"" > a (—1) (—2) (—1) = > sT g, x°.
ecE(f) s s s ecE(f)

Hence
1 loo = 1ax stlelgg|

ee )

= max { max s?1|qg,|
0<k<d | ecE(f)

le|=k
= max { max sd_k|ae|
0<k<d | ecE(f)
le|=k
= max s7% ! max |ae|
0<k=d ecE(f)
le|=k
= max sk . py. O

0<k=<d
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Algorithm 5: Upper EnvelopeSlopes

Input : L=1[,...,l] where
li(t) = Bi -t +log(&)
& >0 for all ¢
0<B1<P2<...0r
1;(t) is represented by (8;,&;)
Output: M: an ordered list [(8;,,0), (Bis, Sir,in)s - -+ » (Bins S, 4, )] such that

Bi, -t +1log(&,) —oo <t< Liy o

b)iz “t+ IOg(‘Elz) t’iLiz <t< tigﬂ,’g
max [;(t) = .
1

Bi, - t+1og(&,) ti,_,4 <t<oo
where t;, 5, = log(si; iy, )-
1 begin
// L will store the indices of the linear functions which lie
on the upper envelope in the order in which they appear. We
construct L using a slight modification of the Convex Hull
Trick algorithm.

2 L[l
3 for i from 2 to r do
4 Append i to L;
1
5 while SiZS(L) > 2 and EL[suve(L)—l] BLlsize(L)) ~PL[size(L)—1] <
EL(size(L)]

1
({L[sizﬂ(L)—Z] ) BL[size(L)—1] —PL[size(L)—2] do

ELlsize(L)—1]

6 Remove L[size(L) — 1] from L;
7 M — [(Brpy, 0)];
8 for i from 2 to size(L) do

1
Append (ﬂL[z‘L (752[;[:]”> R ) to M;

10 end

We are now ready to present FindMinimizer (Algorithm 6). For each f;, we first find the coefficient
of largest magnitude for each total degree (motivated by Lemma 14). We then use the sub-algorithm
UpperEnvelopeSlopes (Algorithm 5) to compute the slopes of the lines which lie on the upper en-
velope of log(||fi[$]||oo), as well as the points s ¢; such that te; e; = 10g(Se; ;) is @ corner point of
the upper envelope. UpperEnvelopeSlopes is a straightforward modification of the Convex Hull Trick
algorithm. Once the upper envelope slopes are computed for each log(||f,.[5]||oo), we search for the
smallest s such that the slope of log(R) is positive for t > log(s).

We are now ready to discuss the complexity of FindMinimizer.

Lemma 15. Let Uq, ..., U, V e Rog and

(s, Uj
[T 171
R(s) = ===

Then
argmin R(s)
s>0

can be computed in O (n - m + n - d) algebraic operations and comparisons, where

m = # monomials of F

n
d:Zdi.
i=1
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Algorithm 6: FindMinimizer
Input : F,U,V

n [s])\Us
Output: s* = argmingsg H”:ll‘i‘f“m
1 begin
2 for ¢ from 1 to n do do
3 L; —[((di—k), 0), k=0,...,d;] // Lines are represented by
(Slope’eintcrccpt);
4 for e € E(f;) do
5 if L;[|e|][2] < |ac| then
6 L;[le]][2] = |ae| // Find the largest magnitude coefficient
for each degree (Lemma 14);
7 Z; « UpperEnvelopeSlopes(L;);

8 M « the list of triples (8,1, s), sorted in ascending order with respect to s,
where (8, s) is an element of Z;;
// Search for the first s where log(R) has positive slope after
log(s) :
9 C «[0,...,0]// C[i] stores the slope of log(Hfi[s]Hoo);
10 for m in M do

11 Cm[2]] = m[1]// Update the slope for log(||fi[8]Hoo);

12 a—U -C[l]+---+U,-C[n] —V// Calculate the slope of log(R)
for ¢ immediately after log(s) = log(m[3]);

13 if o > 0 then

14 return m[3];

15 end

Proof. We consider the total time spent on each line of FindMinimizer.
In Line 3, we compute

Li < [(di —k), 0), k=0,...,d;]

which requires a total of (’)(Z?:O d;) algebraic operations.

In Lines 5 and 6 we check and potentially update the entry L;[|e|][2]. This is done for every
e € E(f;). Since the computation of |e| requires O(n) algebraic operations, the number of algebraic
operations in lines 5— 6 is O - Y [ #E(fi)) = O(n - m).

In Line 7 we compute

Z; < UpperEnvelopeSlopes(L;).

It is straightforward to see that UpperEnvelopeSlopes requires O(r) algebraic operations and compar-
isons when r linear functions are input. Since L; has O(d;) elements, line 7 requires O(d;) algebraic
operations and comparisons. Hence the total amount of work performed in Line 9 is O(Z?zl d).

In Line 8 we compute

M <« the list of triples (B8, i, s), sorted in ascending order with respect to s
where (B, s) is an element of Z;.

Note that every list Z; is already sorted in ascending order with respect to s, and Z; has O(d;)
elements. Hence constructing M requires O(n - Z}; d;) algebraic operations and comparisons.

Line 9 can clearly be computed in a constant number of algebraic operations.

In the remainder of the algorithm, we potentially loop over all (’)(Z?:l d;) elements of M. Lines 11
and 13 both require a constant number of algebraic operations and comparisons. Line 12 requires
O(n) algebraic operations. Hence the total number of algebraic operations and comparisons performed
in lines 10-14 is O(n- Y1, dy).

Combining all of the above, the total number of algebraic operations and comparisons required to
compute FindMinimizer(F,U, V) is
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O(n«Z#E(fi)—kad,«)=O(n~m+n-d). o
i=1 i=1

We are now ready to prove Theorem 2.

Proof of Theorem 2. Note that
|discr(Ty,)|
R(S*)D_l

|discr(T )|

~ (argming=o R(s))P~

Bpmm (FIT)
ax ———.

s>0 S

Bnew(F) = P(dy,...,ds,n)

~P(d1....,dn.n)

from Lemma 11

Hence parts 1,2 and 3 of the Theorem follow immediately from Proposition 3. The fourth part follows
from Lemmas 11 and 15. O

5. Performance

In this Section, we discuss the experimental performance of the new bounds. We first repeat the
observation of Remark 1: experimental evidence indicates that Byew x is almost always larger for
smaller k. This is unsurprising once we consider the derivation strategy in the previous section. Let
k1 < ky. We have

Bumk, ( f¥ Bk, (1
Brvew i ~ max 2MMH () Bow s, ~ ma MM (f)
s>0 S s>0 S
and
B Isg, ] B [sg,, ]
BMM,kl (f[s] ) MM, kq f MM,k f BMM,kz (f[s] )
max > > = max ———~
5>0 S Sy Sy 5>0 S
2 2

where the third inequality holds due to known inequalities on polynomial norms.

We have also observed that the improvement is usually very large for the new bounds, especially
when the magnitudes of the roots are different from 1. To generate data points, we generated 100 ran-
dom monic polynomials (or square Pham polynomial systems) with fixed degree and height (defined
below) and calculated the average value of the improvement:

Brewk(f) _ <||fk||)d_] and Bnew®) _ (1‘[;’1 ||fi||Mi>D_]
Bum,k(f) Hy Bpmm (F) H :

Note that the improvement is independent of the discriminant for both new bounds. This observation
allowed us to avoid many expensive computations when performing experiments (in particular, no
resultants need be computed in the multivariate case).

We will measure the size of the coefficients of a monic univariate polynomial with the following
expression:

1
la;| &
= max ——
£l oS5 @)
1
We will call this the B-Height (B for “binomial”). We can naturally extend the B-Height to Pham
polynomials (see Gonzalez-Vega and Gonzalez-Campos, 1999 for a precise definition) of degree d
with the following expression
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ecSupport(trailing polynomial of f) (g)

It is well known that both height definitions above are linearly related to the size of the roots. To
generate a polynomial (or polynomial system) with the height r, /r4, we uniformly generated an inte-
ger c in the range (—r,, rg) for every trailing coefficient. The corresponding integer for one coefficient
was randomly chosen to be fixed at r,,. We then set

() )

and defined f; = x¢ + trailing polynomial.

In the top plot of Fig. 6, we plot the log of the average improvement of Byew 2 for 100 monic
polynomials of degree 4 and given B-Height. We see similar plots both for other degrees and other
choices of the norm (Byew x With k # 2). In the bottom plot of Fig. 6, we plot the log of the aver-
age improvement of Bpney for 100 Pham systems with n =3 and the degree of every polynomial 3.
We see similar plots both for other degrees and other choices of n. As we can see from Fig. 6, the
improvement increases as the magnitude of the roots becomes much different from 1.

We will also study the experimental performance of the new bounds on a special class of polyno-
mials known as Mignotte polynomials. A Mignotte polynomial is defined as

Mig(d, h) = x% — 2(hx — 1).

It is well known that Mignotte polynomials have very small root separation (approximately h=¢). In
Fig. 7, we plot the logarithm of the exact root separation, Byew 2, and By 2 of the improvement of
BnNew,2 for certain values of h and d. In the top plot, we fix h to be 10 and vary the degree. In the
bottom plot, we fix the degree to be 4 and vary h. We can see from the plots that the new bound is
consistently a tighter lower bound on the root separation. Furthermore, in the top plot we see that as
the degree increases the improvement of the new bound over By » increases.

6. Conclusion

In this paper we presented two improved root separation bounds. The new bounds improve on the
previous bounds in two ways:

(1) The new bounds are usually significantly bigger (hence better) than the previous bounds.
(2) The new bounds scale correctly, unlike the previous bounds.
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Fig. 7. Log plots of exact separation bound (red diamonds), Byew,> (blue circles) and B 2 (green boxes) for Mignotte polyno-
mials. (For interpretation of the references to color in this figure, the reader is referred to the web version of this article.)

Crucially, the improved bounds are not harder to compute than the previous bounds. The improved
bounds meet an important challenge facing researchers in our field (Section 2). To the best of the
authors’ knowledge, the new improved bounds are significantly bigger than all known (efficiently
computable) root separation bounds and are the only known (efficiently computable) root separation
bounds which scale correctly.

Of course, there remains plenty of room for improvement in the new bounds. In particular, the
new multivariate bound presented in this paper is still quite pessimistic. One possible strategy for
improving the new bound is to modify the bound to account for sparsity. This strategy does present a
challenge: the derivation in this paper requires an understanding of the scaling behavior of the leading
coefficient of Ty, (see Lemmas 9 and 10). If Ty, is calculated by computing the sparse resultant instead
of the univariate resultant, the formula for the leading coefficient is much more challenging to work
with (see D’Andrea and Sombra, 2015).
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