For her own breakfast she'll project a scheme
Nor take her tea without a stratagem. —Epwarp YounG (1683-1765)

“Come little girl, you seem

To want my cup of tea

And will you take a little cream?

Now tell the truth to me”

She had a rustic woodland grin

Her cheek was soft as silk,

And she replied, “Sir, please purt in

A little drop of milk.” —BarrY PamN (The Poets at Tea)

6 Mathematics of a Lady

Tasting Tea
By SIR RONALD A. FISHER

STATEMENT OF EXPERIMENT

A LADY declares that by tasting a cup of tea made with milk she can
discriminate whether the milk or the tea infusion was first added to the
cup. We will consider the problem of designing an experiment by means
of which this assertion can be tested. For this purpose let us first lay
down a simple form of experiment with a view to studying its limitations
and its characteristics, both those which appear to be essential to the
experimental method, when well developed, and those which are not
essential but auxiliary.

Our experiment consists in mixing eight cups of tea, four in one way
and four in the other, and presenting them to the subject for judgment
in a random order. The subject has been told in advance of what the test
will consist, namely that she will be asked to taste eight cups, that these
shall be four of each kind, and that they shall be presented to her in a
random order, that is in an order not determined arbitrarily by human
choice, but by the actual manipulation of the physical apparatus used in
games of chance, cards, dice, roulettes, etc., or, more expeditiously, from
3 published collection of random sampling numbers purporting to give the
actual results of such manipulation. Her task is to divide the 8 cups into
two sets of 4, agreeing, if possible, with the treatments received.

INTERPRETATION AND ITS REASONED BASIS

In considering the appropriateness of any proposed experimental design,
it is always needful to forecast all possible results of the experiment, and
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to have decided without ambiguity what interpretation shall be placed
upon each one of them. Further, we must know by what argument this
interpretation is to be sustained. In the present instance we may argue as
follows. There are 70 ways of choosing a group of 4 objects out of 8.
This may be demonstrated by an argument familiar to students of
“permutations and combinations,” namely, that if we were to choose the
4 objects in succession we should have successively 8, 7, 6, 5 objects to
choose from, and could make our succession of choices in 8 X 7 X 6 X 5,
or 1680 ways. But in doing this we have not only chosen every possibie
set of 4, but every possible set in every possible order; and since 4 objects
can be arranged in order in 4 X 3 X 2 X 1, or 24 ways, we may find the
number of possible choices by dividing 1680 by 24. The result, 70, is
essential to our interpretation of the experiment. At best the subject can
judge rightly with every cup and, knowing that 4 are of each kind, this
amounts to choosing, out of the 70 sets of 4 which might be chosen, that
particular one which is correct. A subject without any faculty of discrimi-
nation would in fact divide the 8 cups correctly into two sets of 4 in one
trial out of 70, or, more properly, with a frequency which would approach
1 in 70 more and more nearly the more often the test were repeated.
Evidently this frequency, with which unfailing success would be achieved
by a person lacking altogether the faculty under test, is calculable from
the number of cups used. The odds could be made much higher by
enlarging the experiment, while, if the experiment were much smaller
even the greatest possible success would give odds so low that the result
might, with considerable probability, be ascribed to chance.

THE TEST OF SIGNIFICANCE

It is open to the experimenter to be more or less exacting in respect
of the smallness of the probability he would require before he would be
willing to admit that his observations have demonstrated a positive result.
It is obvious that an experiment would be useless of which no possible
result would satisfy him. Thus, if he wishes to ignore results having prob-
abilities as high as 1 in 20—the probabilities being of course reckoned
from the hypothesis that the phenomenon to be demonstrated is in fact
absent—then it would be useless for him to experiment with only 3 cups
of tea of each kind. For 3 objects can be chosen out of 6 in only 20 ways,
and therefore complete success in the test would be achieved without
sensory discrimination, i.e., by “pure chance,” in an average of 5 trials
out of 100. It is usual and convenient for experimenters to take 5 per
cent. as a standard level of significance, in the sense that they are pre-
pared to ignore all results which fail to reach this standard, and, by this
means, to eliminate from further discussion the greater part of the fluctu-
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ations which chance causes have introduced into their experimental re-
sults. No such selection can eliminate the whole of the possible effects of
chance coincidence, and if we accept this convenient convention, and
agree that an event which would occur by chance only once in 70 trials
is decidedly “significant,” in the statistical sense, we thereby admit that
no isolated experiment, however significant in itself, can suffice for the
experimental demonstration of any natural phenomenon; for the “cne
chance in a million” will undoubtedly occur, with no less and no more
than its appropriate frequency, however surprised we may be that it
should occur to us. In order to assert that a natural phenomenon is ex-
perimentally demonstrable we need, not an isolated record, but a reliable
method of procedure. In relation to the test of significance, we may say
that a phenomenon is experimentally demonstrable when we know how to
conduct an experiment which will rarely fail to give us a statistically
significant result.

Returning to the possible results of the psycho-physical experiment,
having decided that if every cup were rightly classified a significant posi-
tive result would be recorded, or, in other words, that we should admit
that the lady had made good her claim, what should be our conclusion
if, for each kind of cup, her judgments are 3 right and 1 wrong? We may
take it, in the present discussion, that any error in one set of judgments
will be compensated by an error in the other, since it is known to the
subject that there are 4 cups of each kind. In enumerating the number
of ways of choosing 4 things out of 8, such that 3 are right and 1 wrong,
we may note that the 3 right may be chosen, out of the 4 available, in 4
ways and, independently of this choice, that the 1 wrong may be chosen,
out of the 4 available, also in 4 ways. So that in all we could make a
selection of the kind supposed in 16 different ways. A similar argument
shows that, in each kind of judgment, 2 may be right and 2 wrong in
36 ways, 1 right and 3 wrong in 16 ways and none right and 4 wrong in
1 way only. It should be noted that the frequencies of these five possible
results of the experiment make up together, as it is obvious they should,
the 70 cases out of 70.

It is obvious, too, that 3 successes to 1 failure, although showing a bias,
or deviation, in the right direction, could not be judged as statistically
significant evidence of a real sensory discrimination. For its frequency of -
chance occurrence is 16 in 70, or more than 20 per cent. Moreover, it is
not the best possible résult, and in judging of its significance we must take
account not only of its own frequency, but also of the frequency for any
better result. In the present instance “3 right and 1 wrong” occurs 16
times, and “4 right” occurs once in 70 trials, making 17 cases out of 70
as good as or better than that observed. The reason for including cases
better than that observed becomes obvious on considering what our con-
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clusions would have been had the case of 3 right and 1 wrong only 1
chance, and the case of 4 right 16 chances of occurrence out of 70. The
rare case of 3 right and 1 wrong could not be judged significant merely
because it was rare, seeing that a higher degree of success would fre-
quently have been scored by mere chance.

THE NULL HYPOTHESIS

QOur examination of the possible results of the experiment has therefore
led us to a statistical test of significance, by which these results are divided
into two classes with opposed interpretations. Tests of significance are
of many different kinds, which need not be considered here. Here we are
only concerned with the fact that the easy calculation in permutations
which we encountered, and which gave us our test of significance, stands
for something present in every possible experimental arrangement; or, at
least, for something required in its interpretation. The two classes of
results which are distinguished by our test of significance are, on the one
hand, those which show a significant discrepancy from a certain hy-
pothesis; namely, in this case, the hypothesis that the judgments given
are in no way influenced by the order in which the ingredients have been
added; and on the other hand, results which show no significant discrep-
ancy from this hypothesis. This hypothesis, which may or may not be
impugned by the result of an experiment, is again characteristic of all
experimentation. Much confusion would often be avoided if it were ex-
plicitly formulated when the experiment is designed. In relation to any
experiment we may speak of this hypothesis as the “null hypothesis,” and
it should be noted that the null hypothesis is never proved or established,
but is possibly disproved, in the course of experimentation. Every experi-
ment may be said to exist only in order to give the facts a chance of
disproving the null hypothesis.

It might be argued that if an experiment can disprove the hypothesis
that the subject possesses no sensory discrimination between two different
sorts of object, it must therefore be able to prove the opposite hypothesis,
that -she can make some such discrimination. But this last hypothesis,
however reasonable or true it may be, is ineligible, as a null hypothesis to
be tested by experiment, because it is inexact. If it were asserted that the
subject would never be wrong in her judgments we should again have an
exact hypothesis, and it is easy to see that this hypothesis could be dis-
proved by a single failure, but could never be proved by any finite amount
of experimentation. It is evident that the null hypothesis must be exact,
that is free from vagueness and ambiguity, because it must supply the
basis of the “problem of distribution,” of which the test of significance
is the solution. A null hypothesis may, indeed, contain arbitrary elements,
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and in more complicated cases often does so: as, for example, if it
should assert that the death-rates of two groups of animals are equal,
without specifying what these death-rates usually are. In such cases it is
evidently the equality rather than any particular values of the death-rates
that the experiment is designed to test, and possibly to disprove.

In cases involving statistical “estimation” these ideas may be extended
to the simultaneous consideration of a series of hypothetical possibilities.
The notion of an error of the so-called “second kind,” due to accepting
the null hypothesis “when it is false” may then be given a meaning in
reference to the quantity to be estimated. It has no meaning with respect
to simple tests of significance, in which the only available expectations are
those which flow from the null hypothesis being true.

RANDOMISATION_; THE PHYSICAL BASIS OF THE VALIDITY OF THE TEST

We have spoken of the experiment as testing a certain null hypothesis,
namely, in this case, that the subject possesses no sensory discrimination
whatever of the kind claimed; we have, too, assigned as appropriate to
this hypothesis a certain frequency distribution of occurrences, based on
the equal frequency of the 70 possible ways of assigning 8 objects to two
classes of 4 each; in other words, the frequency distribution appropriate
to a classification by pure chance. We have now to examine the physical
conditions of the experimental technique needed to justify the assumption
that, if discrimination of the kind under test is absent, the result of the
experiment will be wholly governed by the laws of chance. It is easy to
see that it might well be otherwise. If all those cups made with the milk
first had sugar added, while those made with the tea first had none, a
very obvious difference in flavour would have been introduced which
might well ensure that all those made with sugar should be classed alike.
These groups might either be classified all right or all wrong, but in such
a case the frequency of the critical event in which all cups are classified
correctly would not be 1 in 70, but 35 in 70 trials, and the test of sig-
nificance would be wholly vitiated. Errors equivalent in principle to this
are very frequently incorporated in otherwise well-designed experiments.

It is no sufficient remedy to insist that “all the cups must be exactly
alike” in every respect except that to be tested. For this is a totally im-
possible requirement in our example, and equally in all other forms of
experimentation. In practice it is probable that the cups will differ per-
ceptibly in the thickness or smoothness of their material, that the quan-
tities of milk added to the different cups will not be exactly equal, that
the strength of the infusion of tea may change between pouring the first
and the last cup, and that the temperature also at which the tea is tasted
will change during the course of the experiment. These are only examples
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of the differences probably present; it would be impossible to present an
exhaustive list of such possible differences appropriate to any one kind of
experiment, because the uncontrolled causes which may influence the
result are always strictly innumerable. When any such cause is named, it
is usually perceived that, by increased labour and expense, it could be
largely eliminated. Too frequently it is assumed that such refinements
constitute improvements to the experiment. Our view, which will be much
more fully exemplified in later sections, is that it is an essential character-
istic of experimentation that it is carried out with limited resources, and
an essential part of the subject of experimental design to ascertain how
these should be best applied; or, in particular, to which causes of dis-
turbance care should be given, and which ought to be deliberately ignored. -
To ascertain, too, for those which are not to be ignored, to what extent
it is worth while to take the trouble to diminish their magnitude. For our
present purpose, however, it is only necessary to recognise that, whatever
degree of care and experimental skilt is expended in equalising the condi-
tions, other than the one under test, which are liable to affect the result,
this équalisation must always be to a greater or less extent incomplete,
and in many important practical cases will certainly be grossly defective.
We are concerned, therefore, that this inequality, whether it be great or
small, shall not impugn the exactitude of the frequency distribution, on
the basis of which the result of the experiment is to be appraised.

THE EFFECTIVENESS OF RANDOMISATION

The element in the experimental procedure which contains the essen-
tial safeguard is that the two modifications of the test beverage are to be
prepared “in random order.” This, in fact, is the only point in the ex-
perimental procedure in which the laws of chance, which are to be in
exclusive control of our frequency distribution, have been explicitly intro-
duced. The phrase “random order” itself, however, must be regarded as
an incomplete instruction, standing as a kind of shorthand symbol for the
full procedure of randomisation, by which the validity of the test of sig-
nificance may be guaranteed against corruption by the causes of dis-
turbance which have not been eliminated. To demonstrate that, with
satisfactory randomisation, its validity is, indeed, wholly unimpaired, let
us imagine all causes of disturbance—the strength of the infusion, the
quantity of milk, the temperature at which it is tasted, etc.—to be pre-
determined for each cup; then since these, on the null hypothesis, are the
only causes influencing classification, we may say that the probabilities
of each of the 70 possible choices or classifications which the subject can
make are also predetermined. If, now, after the disturbing causes are
fixed, we assign, strictly at random, 4 out of the 8 cups to each of our
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experimental treatments, then every set of 4, whatever its probability of
being so classified, will certainly have a probability of exactly 1 in 70 of
being the 4, for example, to which the milk is added first. However im-
portant the causes of disturbance may be, even if they were to make it
certain that one particular set of 4 should receive this classification, the
probability that the 4 so classified and the 4 which ought to have been so
classified should be the same, must be rigorously in accordance with our
test of significance.

It is apparent, therefore, that the random choice of the objects to be
treated in different ways would be a complete guarantee of the validity
of the test of significance, if these treatments were the last in time of the
‘stages in the physical history of the objects which might affect their ex-
perimental reaction. The circumstance that the experimental treatments
cannot always be applied last, and may come relatively early in their
history, causes no practical inconvenience; for subsequent causes of dif-
ferentiation, if under the experimenter’s control, as, for example, the
choice of different pipettes to be used with different flasks, can either be
predetermined before the treatments have been randomised, or, if this has
not been done, can be randomised on their own account; and other causes
of differentiation will be either (a) consequences of differences already
randomised, or (b) natural consequences of the difference in treatment
to be tested, of which on the null hypothesis there will be none, by defi-
nition, or (c¢) effects supervening by chance independently from the
treatments applied. Apart, therefore, from the avoidable error of the
experimenter himself introducing with his test treatments, or subsequently,
other differences in treatment, the effects of which the experiment is not
intended to study, it may be said that the simple precaution of randomisa-
tion will suffice to guarantee the validity of the test of significance, by
which the result of the experiment is to be judged.

. THE SENSITIVENESS OF AN EXPERIMENT. EFFECTS OF
ENLARGEMENT AND REPETITION

A probable objection, which the subject might well make to the experi-
ment so far described, is that only if every cup is classified correctly will
she be judged successful. A single mistake will reduce her performance
below the level of significance. Her claim, however, might be, not that
she could draw the distinction with invariable certainty, but that, though
sometimes mistaken, she would be right more often than not; and that
the experiment should be enlarged sufficiently, or repeated sufficiently
often, for her to be able to demonstrate the predominance of correct
classifications in spite of occasional errors.

An extension of the calculation upon which the test of significance was
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based shows that an experiment with 12 cups, six of each kind, gives, on
the null hypothesis, 1 chance in 924 for complete success, and 36 chances
for 5 of each kind classified right and 1 wrong. As 37 is less than a twen-
tieth of 924, such a test could be counted as significant, although a pair
of cups have been wrongly classified; and it is easy to verify that, using
larger numbers still, a significant result could be obtained with a still
higher proportion of errors. By increasing the size of the experiment, we
can render it more sensitive, meaning by this that it will allow of the
detection of a lower degree of sensory discrimination, or, in other words,
of a quantitatively smaller departure from the null hypothesis. Since in
every case the experiment is capable of disproving, but never of proving
this hypothesis, we may say that the value of the experiment is increased
whenever it permits the null hypothesis to be more readily disproved.

The same result could be achieved by repeating the experiment, as
originally designed, upon a number of different occasions, counting as a
success all those occasions on which 8 cups are correctly classified. The
chance of success on each occasion being 1 in 70, a simple application of
the theory of probability shows that 2 or more successes in 10 trials would
occur, by chance, with a frequency below the standard chosen for testing
significance; so that the sensory discrimination would be demonstrated,
although, in 8 attempts out of 10, the subject made one or more mistakes.
This procedure may be regarded as merely a second way of enlarging
the experiment and, thereby, increasing its sensitiveness, since in our final
calculation we take account of the aggregate of the entire series of results,
whether successful or unsuccessful. It would clearly be illegitimate, and
would rob our calculation of its basis, if the unsuccessful results were not
all brought into the account.

QUALITATIVE METHODS OF INCREASING SENSITIVENESS

Instead of enlarging the experiment we may attempt to increase its
sensitiveness by qualitative improvements; and these are, generally speak-
ing, of two kinds: (a) the reorganisation of its structure, and (b) refine-
ments of technique. To illustrate a change of structure we might consider
that, instead of fixing in advance that 4 cups should be of each kind, de-
termining by a random process how the subdivision should be effected,
we might have allowed the treatment of each cup to be determined inde-
pendently by chance, as by the toss of a coin, so that each treatment has
an equal chance of being chosen. The chance of classifying correctly 8
cups randomised in this way, without the aid of sensory discrimination, is
1in 28, or 1 in 256 chances, and there are only 8 chances of classifying
7 right and 1 wrong; consequently the sensitiveness of the experiment has
been increased, while still using only 8 cups, and it is possible to score a -
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significant success, even if one is classified wrongly. In many types of ex-
periment, therefore, the suggested change in structure would be evidently
advantageous. For the special requirements of a psycho-physical experi-
ment, however, we should probably prefer to forego this advantage, since
it would occasionally occur that all the cups would be treated alike, and
this, besides bewildering the subject by an unexpected occurrence, would
deny her the real advantage of judging by comparison.

Another possible alteration to the structure of the experiment, which
would, however, decrease its sensitiveness, would be to present deter-
mined, but unequal, numbers of the two treatments. Thus we might
arrange that 5 cups should be of the one kind and 3 of the other, choosing
. them properly by chance, and informing the subject how many of each
to expect. But since the number of ways of choosing 3 things out of 8
is only 56, there is now, on the null hypothesis, a probability of a com-
pletely correct classification of 1 in 56. It appears in fact that we cannot
by these means do better than by presenting the two treatments in equal
numbers, and the choice of this equality is now seen to be justified by its
giving to the experiment its maximal sensitiveness.

With respect to the refinements of technique, we have seen above that
these contribute nothing to the validity of the experiment, and of the test
of significance by which we determine its result. They may, however, be
important, and even essential, in permitting the phenomenon under test
to manifest itself. Though the test of significance remains valid, it may be
that without special precautions even a definite sensory discrimination
would have little chance of scoring a significant success. If some cups
were made with India and some with China tea, even though the treat-
ments were properly randomised, the subject might not be able to dis-
criminate the relatively small difference in flavour under investigation,
when it was confused with the greater differences between leaves of dif-
ferent origin. Obviously, a similar difficulty could be introduced by using
in some cups raw milk and in others boiled, or even condensed milk, or
by adding sugar in unequal quantities. The subject has a right to claim,
and it is in the interests of the sensitiveness of the experiment, that gross
differences of these kinds should be excluded, and that the cups should,
not as far as possible, but as far as is practically convenient, be made
alike in all respects except that under test. '

How far such experimental refinements should be carried is entirely a
matter of judgment, based on experience. The validity of the experiment
is not affected by them. Their sole purpose is to increase its sensitiveness,
and this object can usually be achieved in many other ways, and particu-
larly by increasing the size of the experiment. If, therefore, it is decided
that the sensitiveness of the experiment should be increased, the experi-
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menter has the choice between different methods of obtaining equivalent
results; and will be wise to choose whichever mrethod is easiest to him,
irrespective of the fact that previous experimenters may have tried, and

recommended as very important, or even essential, various ingenious and
troublesome precautions.



COMMENTARY ON

The Scientific Aptitude of
Mr. George Bernard Shaw

ERNARD SHAW was not at his best as a scientific thinker. Science
interested him but he was inclined to be erratic. Though science
offered a fertile field for the exercise of his talents as a controversialist, a
foe of pretense and a joker, he was often unable to distinguish between
the stuffed robe and the honest scientist, between theories that merited
serious attention and theories that were pure humbug. Moreover he him-
self espoused the most incredible nonsense. He fought vivisection and
vaccination; he had a low opinion of medical knowledge and an even
lower opinion of its practitioners; he had his own astonishing theories of
biology, physiology, bacteriology and hygiene, and nothing would per-
suade him that the sun was burning itself out (since he expected to live
longer than Methuselah he felt he had a personal stake in the catas-
trophe); he dismissed laboratory experiments generally as mere ‘‘put-up
jobs,” performances rigged for the purpose of proving preconceived
theories regardless of the weight of evidence.

But for all his prejudices and eccentric notions, Shaw did not close his
mind to the important. works of science. He followed the advances of
research in fields as varied as Pavlov’s work on dogs -and the Michelson-
Morley interferometer experiments on ether drift. He “liked visiting
laboratories and peeping at bacteria through the microscope.” 1 He was
curious about how things work: automobiles, radios, machine tools,
motorcycles, phonographs. He was an enthusiastic photographer and
camera tinkerer. Every efficient labor-saving device won his admiration
but “for old-fashioned factory machinery his contempt was boundless: he
said a louse could have invented it all if it had been keen enough on
profits.” 2

Shaw and Jonathan Swift were much alike in their attitudes to science.
Both men lived in periods of great scientific advance; both respected
science; neither had any special aptitude for it. Both approached the sub-
ject as social reformers and satirists; both despised pretentiousness; neither
had much use for science as a purely speculative activity. Swift aimed his
wit at mathematics, which in its advanced forms seemed to him com-
pletely trivial;, Shaw waged war on biological practices which he thought

1 Hesketh Pearson, G.B.S., A Full Length Portrait, New York, 1942, p. 270. 1 have
drawn on this biography for many of the details of this sketch; also on Bernard Shaw,
Sixteen Self-Sketches, New York, 1949,

2 Pearson, op. cit., p. 270.

1522



